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Abstract: By utilizing the divergence evaluation method of Nakagawa and Takagi for Harmonic foli- 
ations on the sphere, the divergence of a vector field on a totally real Riemannian foliation 
with parallelized mean curvature vectors on a quaternion projective space is found out. By 
pinching the length of the second fundamental form, a formula of Simons’ type is obtained. 
The geometric restrictions of the length of the second fundamental form are proposed so 
that each leave of foliation is assumed to be totally umbilical. 
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1 Introduction 


Geometric notions in the theory of Riemannian submanifolds have their counterparts for 
foliations on Riemannian manifolds. The harmonic foliations on Riemannian manifolds have 
been extensively studied in recent years!-4], Many harmonic foliations which are not totally 
geodesic are known. It has been known that under some geometric restrictions, harmonicity 
implies totally geodesicness. But the geometric property of Riemannian foliations with paral- 
lelized mean curvature vectors in spaces are still unknown. The purpose of this paper is to study 
the totally real Riemannian foliations with parallelized mean curvature vectors on a quaternion 
projective space. Improving the method of Nakagawa and Takagil®l, we calculate divergence of 
the vector field and obtained a formula of Simons’. Then We prove that the totally real Rie- 
mannian foliations with parallelized mean curvature vectors on a quaternion projective space 
satisfying the length square of second fundamental form 


S < min H ane) c>0, n> 2, 
n+3 2n—3 
2 
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is totally umbilical, or 





s = in{ sh set 


n43” 2n- 3 
2 


2 Preliminaries 


Let QP” (c) be a 4n-dimensional (n > 2) quaternion projective space with constant quater- 
nion sectional curvature c > 0. A submanifold M is said to be a totally real submanifold 
of QP” (c) if every tangent space of M is mapped into its totally real normal space by the 
quaternion structures of QP” (c). F is said to be totally real foliation in QP” (c), if each leaf 
L of F is a totally real submanifold in QP” (c). Let F be a totally real n-dimensional foliation 
on QP” (c). Considering F as a integrable distribution on QP” (c), we denote the orthogonal 
distribution of F by F+, which is called the normal plane field. For any vector field X on 
QP” (c), we decompose it as X = X’ + X”, where X’ (resp. X”) is tangent (resp. normal) to 
F. We define two tensors A and h of type (1,2) on QP” (c) by 


A(X, Y) = -(VyrX"Y, M(X,Y) =-(Vy: X")”, (1) 


for any vector fields X and Y on QP” (c), where V denotes the Riemanniean connection with 
respect to the Riemannian metric g of QP” (c). 

The restriction of h to each leaf of F is called the second fundamental form of the leaf. We 
define the second fundamental form B of the normal field F+ byl?! 


B(X,Y) = st AUX, Y) + A(Y, X)}, (2) 


for any vector fields X and Y on QP"(c). We will use throughout this paper, the following 
convention on the range of indices unless otherwise stated: 


A, B,C,+++=1,-++,n, I(1),--- (n), J(1),-++ , (n), 
K(1),-++,K(n); ij, k, =1,2, n; 


a, B,y,°--=1(1),---,1(n),  J(1),--- J(n), K0), --,K(n). 


Let €l, En; Ept 2EI(n), EFA) ** »EF(n)> EK(1).°** »€K(n) be a locally defined or- 
thonormal frame field of QP” (c) such that, restricting to F, e1,--- ,€n are tangent to F. Let 
{wa} be the dual frame field. The structure equations of QP"(c) are given as follows!5!: 

dwa=—WapNwp, Wap +wpa =0, (3) 
1 
dwap = ~wac AwcB + 2 Kascpwc \wp, (4) 
C 
KaBcD = q acd — dapdse + IacI ep ~ IapI ac + 2lasl cp + JacJap 


— JapJac + 2JagBJcp + KacKgp — KapKgc + 2KapJcp), (5) 
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where I, J and K are quaternion structures of QP"(c), and Kagcp is the curvature tensor of 
QP"(c). Restrict to F: 


We =0, Wij =Wap, Wai = Wia, (6) 
Wai = Do hh + Ares, hij = h} = hir = hie, (7) 
dwi = —wij Aw;, Wij +Wwji = 0, (8) 
dwij = —Wik A weg + S Rije A wr, (9) 
dwa = —Way ^ Wag + Z Raphie A wi; (10) 


where Rijki and Rapkı denote the curvature tensor of tangent connection and normal con- 
nection of F, respectively. The Riemannian connection V on QP"(c) is given by Ve,ep = 
F wcglea)ec. Then the components h#, (resp. AZ) of h (resp. A) with respect to {e4} 
and {wa} are given by 

hij = Wai(e;), Ais ae Wai (eg). (11) 
The second fundamental form H of F is: H = ia ij NZjwiwja. The length square of H is: 
S = Vag (hh ;)?. For each a, H® denotes the matrix (h&). € = +30, (trH@)ea is called 
the mean curvature vector, and H = ||&|| is called the mean cana where tr denotes the 
trace of the matrix (hẹ). The foliation F is said to be harmonic or minimal (resp. totally 
geodesic) if hr = 0 (resp. h% = 0). The normal plane field F+ is said to be minimal if 
trB = >> Ate; = 0. The normal plane field F+ is said to be totally geodesic, if B = 0. The 
metric is eens if and only if Aig = Abo which imply B = 0. The foliations F with 
bundle-like metric is called Riemannian foliations. By (5), we have 


a dh ikhji — hGhSe), Ropki = Kapri + Sohn Mat — hen himn)- (12) 
m 
For a tensor field T = (TALLE ) on QP” (c), we define its 1-order covariant derivatives by! 
TA BloWe = r- TRUE aS Obagi An 


A 
ES ia BE 10, Bo+1 ° Bs WCB- (13) 


Then we have the definiens of (hcp) and (Aĝcp). The detailed formulae can be found in 
reference [2]. 


3 Calculus of the divergence 
A vector field v = J` vaea on QP” (c) is defined by 


Vk = So Ag he ijk» Va = 0. (14) 


By [6], we know that the divergence of the vector field v is defined by 


ôv = divu = X vaa = oer + > Vaa. (15) 
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Since F is a Riemannian foliations, i.e., Aig = — Aj,» then 
Ai, =0. (16) 
Taking exterior differentiation of (14) and using (16), we have 


Vk = D hijkhijk + 3 iT + >D hij hi AR A mk 
+D Ag AG AGA, + YO MGA ME + D MGAG alka, (17) 
a= 5o yA, =0 
ka 
It have been obtained that!?.4 
hone = Y hgh —2 HEHE AGH +4) AGA ARG 
-2X he Ashi he; — 25 — AGHE Ae he +2 5° hE Ae hehe 


-F ASHE gh, + YO ABH he — cL (Era) +e X (hg). (18) 


4,9 


Now assume €a to be the mean curvature vector. Hence >>, hÊ, =0(8 # a). From (13), 


we have 


Dk, hẹkewe = ndH, (19) 
9 
a hÊ Wwe =nHwga, B#a.z 


Here H is the mean curvature. The vector €a is parallel in the normal bundle. 


According to (19), we have 
AER ae = —2 > hATHE AGA, +25 hgh hkh 2Y hg hahh: 
-2X hg hE RE AS + YO hgh AAhe, — So ATH gh, 


E (Lra) +en Y (h). (20) 
a k 


a ij 
Let H® denote the matrix (h%). The divergence of the vector field v is simplified by 
ôv = Dh, h&, + X tr(H°H® — H°H*)(H°H® — H’ H°) 
aB 


-Y [tr(H*H®)]? +Y [tr(H°)?H’]tr(H°) 
aß aß 


-cÝ (tr(H*))? + en Y tr(H®)}. (21) 
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4 Proof of the main theorems 


Lemma 4.1!6] Let A, B be an n x n symmetric matrix and N(A) = tr(AA7). Then 
N(AB — BA) < 2N(A)N(B). 


Lemma 4.2!"] There are 2n real numbers a1,42,-+- ,an and bi, bg, ,bn with D; bi = 


0. Then 
(do aia; (bi — yP) < (2n +6)( 7a?) (08%). 
ij 


Theorem 4.1 Let QP” (c) be a 4n—dimensional (n > 2) quaternion projective space with 
constant quaternion sectional curvature c > 0, and F be a totally real Riemannian foliation 
in QP” (c) with parallelized mean curvature vectors, and the mean curvature be H(# 0) with 
n > 2. Let e, be the mean curvature vector. Hence 


Len graa (Y PFS REF) on} e120 


Proof Assume that F is a foliation with parallelized mean curvature vectors and the mean 
curvature is H(# 0). Let ey = €/||€||. Then we have 





tr(H*) =0, a 3 
(H*) #7 (22) 
tr(H7) = nH. 
From wy,a = 0, we have 
HY H® = H°H. (23) 
From (22) and (23), (21) becomes 
buy = hihi, ijk -5 [tr(H7H®)]? As: cn? H? + cntr( H7)’, (24) 
BAY 
—du(q) + > AS RAS, =- D> tr(H*H? — H? H*)? + 5 [tr(H* HP)? 
a#y a PAY a, BEY 
+ Y [tr(H°H1)]? — Y nHtr[(H°) R] — en X (h3). (25) 
afy a#y afty 
Let 
=- >> w(HeH® — HHT) + DO [tr(H* HP)’, (26) 
a,BAY a, BAY 
1S [tr(H°H7)]” — X nHtr[(A*%)?H"). (27) 
ay oxy 


From (26) and Lemma 4.1, we have 


I = (2(n—1)? —(n—-1))of —(n-1P-(n— 2)(a? — a2) 


(n —1)(2n - 3)0? < (== =) ( \> Sa ie 


a, BHY 


IA 
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where ( 1)(n — 2) 
n = 
(n-1)1= X Sa, ag a >> Sase. 
a,BAy atBya,pAy 
From (27) and for a fixed a, we choose a local field of orthonormal frames {e1, --- , €n} such 


that the matrix (h%) is diagonal, i.e., h% = 0 (i # j). By applying (22) and Lemma 4.2, we 
obtain 


I = (Erra) MOG 
= X [Ahh A, — hyhy hg) = = -3 DMM (ho — he)? 
i,j 
s (EN) iania 
J UJ afty 


Then 


—Oagy + So he hh = hg)? {V3 = 2 (p) 
axty >| 
Dos J1 Em oy 


Taking integration on both sides of the above inequality and according to the Stokes theorem, 





A 





a)? — en} 





lA 





we have 


0 < | hijrhijk * 


afty 


Eom ZD {max (/" 2", —*)s cn} «1. (28) 


ay 


IA 





The theorem is proved. 

Corollary 4.1 Let F be a totally real Riemannian foliation in QP”(c) with parallelized 
mean curvature vectors and the mean curvature be H(# 0) with n > 2. Let e, be the mean 
curvature vector. If the length square of second fundamental form 





cn on =) 


$< min { ee 
< min = on a 
2 


then each leaf of F is totally umbilical, or 





. cn cn(n—1) 
s- ate) 
min { =a’ n3 
2 


Proof Since 
cn cn(n—1) 


aea. 2n- 3 i 
2 





S$ <min{ 
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{ max (re. m-ig- ent < 0. 


we have 








From (28), we obtain 


S= min {2 j aad) z1) k 
n3 2n ms 3 
2 
or 
2 a3) = 0. (29) 
a#y 


Let mij = (hj; — Hôij) and U = (mij). Then tr(U?) = > 


(24) and (29), we have 


(mij)? = tr(H7)? — nH?. From 


n 
i,j 


buy) + hhehe S tr(H7)? X tr(H®)? — entrU? = —entrU?. 
BAY 


Taking integration on both sides of the above inequality and using the Stokes theorem, we 


have 
0< f hlirhijr*1 < J (—entrU?’) x1. 
QP? (c) QP? (e) 


It implies tr(U?) = 0, i.e., wij = (h}; — Hô:;) = 0. The corollary obviously holds. When n < 5, 
the corollary implies Theorem 1 in [4]. 
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POTS Se Ss a) PRAT AES hE o SAYS SCM BY Pinching EH 
BRE, FBR? 
G- BALA KARA, ALG 102206; 2- RNAF, MM 450052) 


$B: AAH Nakagawa #l Takagi KARRERA, KEUTA ae el) ET PS a E 
RIE SCR BRAY F BUS, HEATHER Simons 4H Pinching 2 #8. 
Kia: RSW RAW: WreBN eel; FHR, BU: SH 


